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Abstract
In this paper, we study the behavior of positive solutions of the system of difference equations
xn = A + yn−1
xn−pyn−q
, yn = A + xn−1
xn−r yn−s
, n = 1,2, . . . ,
where p  2, q  2, r  2, s  2, A is a positive constant, and x1−max{p,r}, x2−max{p,r}, . . . , x0,
y1−max{q,s}, y2−max{q,s}, . . . , y0 are positive real numbers.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Recently there has been published quite a lot of works concerning the behavior of posi-
tive solutions of systems of difference equations [1–5]. These results are not only valuable
in their own right, but they can provide insight into their differential counterparts.
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xn = A + yn−1
xn−p
, yn = A + xn−1
yn−q
, n = 1,2, . . . , (1.1)
where p  2, q  2, and A is a positive constant. More concretely, they showed that
(a) every positive solution of (1.1) oscillates about the unique positive equilibrium
(1 + A,1 + A),
(b) every positive solution of (1.1) is bounded when A > 1, and
(c) this positive equilibrium is globally asymptotically stable for all positive solutions
of (1.1) when A > 1.
In this paper, we study the system of higher-order difference equations
xn = A + yn−1
xn−pyn−q
, yn = A + xn−1
xn−ryn−s
, n = 1,2, . . . , (1.2)
where p  2, q  2, r  2, s  2, A is a positive constant, and x1−max{p,r}, x2−max{p,r}, . . . ,
x0, y1−max{q,s}, y2−max{q,s}, . . . , y0 are positive real numbers. Clearly, (1.2) has the unique
positive equilibrium
(c, c) =
(
A + √A2 + 4
2
,
A + √A2 + 4
2
)
.
The contributions in this paper are listed below:
(1) When A > 1, every positive solution of (1.2) is bounded.
(2) When A > 2/√3, (c, c) is locally asymptotically stable.
(3) When A > √2, every positive solution of (1.2) approaches (c, c).
2. Boundedness
Theorem 2.1. Let {(xn, yn)} be a positive solution of (1.2). Then the following three state-
ments hold:
(a) xn > A and yn > A for each n 1.
(b) If A > 1, then for nmax{p + 1, q + 1, r + 2, s + 2}, we have
xn 


A3
A2 − 1 + xmax{p,q,r+1,s+1}−1 if n − max{p,q, r + 1, s + 1} is odd,
A3
A2 − 1 + xmax{p,q,r+1,s+1} if n − max{p,q, r + 1, s + 1} is even.
(2.1)
(c) If A > 1, then for nmax{p + 2, q + 2, r + 1, s + 1}, we have
yn 


A3
A2 − 1 + ymax{p+1,q+1,r,s}−1 if n − max{p + 1, q + 1, r, s} is odd,
A3
(2.2)

A2 − 1 + ymax{p+1,q+1,r,s} if n − max{p + 1, q + 1, r, s} is even.
X. Yang / J. Math. Anal. Appl. 307 (2005) 305–311 307Proof. Assertion (a) is obviously true. We now prove assertion (b). From (1.2) and in view
of assertion (a), we obtain for nmax{p + 1, q + 1, r + 2, s + 2} that
xn = A + yn−1
xn−pyn−q
= A +
A + xn−2
xn−r−1yn−s−1
xn−pyn−q
= A + A
xn−pyn−q
+ xn−2
xn−pyn−qxn−r−1yn−s−1
A + 1
A
+ xn−2
A4
. (2.3)
Working inductively, we conclude for n  n − 2k + 2  max{p + 1, q + 1, r + 2, s + 2}
that
xn A + 1
A
+ xn−2
A4
A + 1
A
+ A +
1
A
+ xn−4
A4
A4
= A + 1
A
+ 1
A3
+ 1
A5
+ xn−4
A8
 · · ·
2k−1∑
i=0
1
A2i−1
+ xn−2k
A4k
= A
1 − 1/A2
[
1 −
(
1
A2
)2k]
+ xn−2k
A4k
 A
3
A2 − 1 + xn−2k. (2.4)
Notice that n − 2k + 2  max{p + 1, q + 1, r + 2, s + 2} is equivalent to k  12 (n −
max{p,q, r + 1, s + 1} + 1). The assertion then follows by setting k = 12 (n − max{p,q,
r + 1, s + 1} + 1) or k = 12 (n − max{p,q, r + 1, s + 1}) in (2.4) according to whether
n − max{p,q, r + 1, s + 1} is odd or even.
The argument for assertion (c) is similar. 
3. Global attractivity
Theorem 3.1. Assume A > 2/
√
3. Then the positive equilibrium (c, c) of (1.2) is locally
asymptotically stable.
Proof. Let M = max{p,q, r, s}. (1.2) can be expressed as the following system of first-
order recurrence equations:


w1n = xn−1, w2n = w1n−1, . . . , wMn = wM−1n−1 ,
z1n = yn−1, z2n = z1n−1, . . . , zMn = zM−1n−1 ,
xn = A + yn−1 , yn = A + xn−1 .
(3.1)

w
p−1
n−1 z
q−1
n−1 w
r−1
n−1z
s−1
n−1
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with respect to the equilibrium (c, c, . . . , c)T is ϕn = Φϕn−1, where
Φ =
1
2
3
...
...
M
M + 1
M + 2
M + 3
...
...
2M
2M + 1
2M + 2


1
1
1
. . .
. . .
1
1
1
1
. . .
. . .
1
−c−2 −c−2 c−2
−c−2 −c−2 c−2


,
the two −c2 terms in the (2M + 1)st row of Φ lie on the (p − 1)st column and the (M +
q − 1)st column, respectively; while the two −c2 terms in the (2M + 2)nd row lie on the
(r − 1)st column and the (M + s − 1)st column, respectively.
Let λ1, λ2, . . . , λ2M+2 denote the 2M+2 eigenvalues of matrix Φ . Let D = diag(d1, d2,
. . . , d2M+2) be a diagonal matrix, where d2M+1 = d2M+2 = 1, dk = dM+k = 1 − kε for
each 1 k M , and
ε < min
{
1
M
,
c2 − 3
(M − 1)c2
}
is a positive number. (Note that A > 2/√3 implies c2 > 3.) Clearly, D is invertible. Com-
puting DΦD−1, we obtain the matrix in Fig. 1. The two chains of inequalities
d2M+1 > d1 > d2 > · · · > dM > 0, d2M+2 > dM+1 > dM+2 > · · · > d2M > 0
imply that
d1d
−1
2M+1 < 1, d2d
−1
1 < 1, d3d
−1
2 < 1, . . . , dMd
−1
M−1 < 1,
dM+1d−12M+2 < 1, dM+2d
−1
M+1 < 1, dM+3d
−1
M+2 < 1, . . . ,
d2Md
−1
2M−1 < 1.
Furthermore,
d2M+1c−2d−1p−1 + d2M+1c−2d−1M+q−1 + d2M+1c−2d−12M+2
= d2M+1c−2
(
d−1p−1 + d−1M+q−1 + d−12M+2
)
−2
[
1 1
]
−2 3= c
1 − (p − 1)ε + 1 − (q − 1)ε + 1 < c 1 − (M − 1)ε < 1,
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d1d
−1
2M+1
dM+1d−12M+2
d2Md
−1
2M−1
d2M+1c−2d−12M+2
d−1
M+s−1 d2M+2c−2d
−1
2M+1



d2d
−1
1
d3d
−1
2
. . .
. . .
dMd
−1
M−1
dM+2d−1M+1
dM+3d−1M+2
. . .
. . .
−d2M+1c−2d−1p−1 −d2M+1c−2d−1M+q−1
−d2M+2c−2d−1r−1 −d2M+2c−2
Fig. 1. DΦD−1.
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= d2M+2c−2
(
d−1r−1 + d−1M+s−1 + d−12M+1
)
= c−2
[
1
1 − (r − 1)ε +
1
1 − (s − 1)ε + 1
]
< c−2 3
1 − (M − 1)ε < 1.
It is well known that Φ has the same eigenvalues as DΦD−1; we obtain that
max
1k2M+2
|λk|
∥∥DΦD−1∥∥∞
= max
{
d1d
−1
2M+1, dM+1d
−1
2M+2,
d2M+1c−2
(
d−1p−1 + d−1M+q−1 + d−12M+2
)
,
d2M+2c−2
(
d−1r−1 + d−1M+s−1 + d−12M+1
)
,
max
2kM
{
dkd
−1
k−1, dM+kd
−1
M+k−1
}}
< 1.
Hence, the equilibrium (c, c, . . . , c)T of (3.1) is locally asymptotically stable. This implies
that the equilibrium (c, c) of (1.2) is locally asymptotically stable. 
To examine the global attractivity of (c, c), we need the following result.
Lemma 3.2. Assume A >
√
2. Then x + y < Axy for x, y A.
Proof. Consider the function g(x, y) = x + y − Axy. For x, y > A > 1/A, we have
∂f (x, y)
∂x
= 1 − Ay < 0 and ∂f (x, y)
∂y
= 1 − Ax < 0.
So f (x, y) is strictly decreasing in x and strictly decreasing in y. From
f (A,A) = 2A − A3 = A(2 − A2)< 0,
we derive that f (x, y) f (A,A) < 0 for x, y A. 
Theorem 3.3. Assume A >
√
2. Then every positive solution of (1.2) converges to (c, c).
Proof. Let {(xn, yn)} be an arbitrary positive solution of (1.2). Let
Λ1 = lim
n→∞ sup{xn, xn+1, . . .}, λ1 = limn→∞ inf{xn, xn+1, . . .},
Λ2 = lim
n→∞ sup{yn, yn+1, . . .}, λ2 = limn→∞ inf{yn, yn+1, . . .}.
From Theorem 2.1, we have 0 < A λ1 Λ1 < ∞ and 0 < λ2 Λ2 < ∞. This and (1.2)
give
Λ1 A + Λ2
λ1λ2
, Λ2 A + Λ1
λ1λ2
,
λ2 λ1
λ1 A +
Λ1Λ2
, λ2 A +
Λ1Λ2
,
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Λ1Λ2λ1λ2 AΛ2λ1λ2 + Λ22, Λ1Λ2λ1λ2 AΛ1λ1λ2 + Λ21,
Λ1Λ2λ1λ2 AΛ1Λ2λ2 + λ22, Λ1Λ2λ1λ2 AΛ1Λ2λ1 + λ21.
From them, we derive Λ21 − λ21  AΛ1λ1(Λ2 − λ2) and Λ22 − λ22  AΛ2λ2(Λ1 − λ1),
which yield
(Λ1 + λ1)(Λ2 + λ2)(Λ1 − λ1)(Λ2 − λ2)A2Λ1Λ2λ1λ2(Λ1 − λ1)(Λ2 − λ2).
If Λ1 > λ1 andΛ2 > λ2, this inequality will reduce to (Λ1+λ1)(Λ2+λ2)A2Λ1Λ2λ1λ2.
On the other hand, it follows from Lemma 3.2 and the condition A >
√
2 that Λ1 + λ1 <
AΛ1λ1 and Λ2 +λ2 < AΛ2λ2 , which imply (Λ1 +λ1)(Λ2 +λ2) < A2Λ1Λ2λ1λ2. Then a
contradiction occurs. Thus, we have either Λ1 = λ1 or Λ2 = λ2. We assume Λ1 = λ1 (the
discussion for the case Λ2 = λ2 is similar). Then the limn→∞ xn exists. Again using Λ21 −
λ21 AΛ1λ1(Λ2 −λ2) and in view of Λ1 = λ1 , it is obvious that Λ2  λ2 and soΛ2 = λ2.
Then there exists the limn→∞ yn. From the uniqueness of the positive equilibrium (c, c) of
(1.2), we conclude that limn→∞ xn = c and limn→∞ yn = c. 
Combining Theorem 3.1 and Theorem 3.3, we obtain the following theorem.
Theorem 3.4. Assume A >
√
2. Then the positive equilibrium (c, c) of (1.2) is globally
asymptotically stable for all positive solutions.
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